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Abstract
We study perturbative and instanton corrections to the Operator Product Expansion of
the lowest weight Chiral Primary Operators of N = 4 SYM4. We conrm the recently ob-
served non-renormalization of various operators (notably of the double-trace operator with
dimension 4 in the 20 irrep of SU(4)), that appear to be unprotected by unitarity restric-
tions. We demonstrate the splitting of the free-eld theory stress tensor and R-symmetry
current in supermultiplets acquiring dierent anomalous dimensions in perturbation the-
ory and argue that certain double-trace operators also undergo a perturbative splitting
into operators dual to string and two-particle gravity states respectively. The instanton
contributions aect only those double-trace operators that acquire nite anomalous di-
mensions at strong coupling. For the leading operators of this kind, we show that the
ratio of their anomalous dimensions at strong coupling to the anomalous dimensions due
to instantons is the same number.
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N = 4 supersymmetric Yang-Mills theory (SYM4) provides a concrete example of
a supersymmetric quantum eld theory where the idea of the AdS/CFT duality [1{3]
can be successfully explored. According to the duality conjecture, SYM4 with a gauge
group SU(N) at large N and at strong ’t Hooft coupling λ = g2Y MN is dual to type IIB
supergravity on the AdS5  S5 background. Unifying the results obtained in the context
of the usual weak coupling expansion with the predictions of AdS/CFT duality allows us
to conceive basic dynamical features of the theory.
In the superconformal phase the non-trivial dynamics of the SYM4 is encoded into
correlation functions of gauge-invariant composite operators, which may acquire pertur-
bative as well as non-perturbative (instanton) corrections. An important class of lo-
cal operators in SYM4 is given by the Chiral Primary Operators (CPOs) of the form
OIk = tr(φ
(i1 . . . φik)), where φi are the Yang-Mills scalars. Under supersymmetry these
operators generate short multiplets of the superconformal algebra SU(2, 2j4) that are dual
to multiplets of type IIB supergravity compactied on AdS5  S5. Unlike 2- and 3-point
correlation functions of CPOs that are subject to the known non-renormalization theo-
rems [4{12], 4-point functions receive in general perturbative and instanton corrections.
As such, they contain important dynamical information for the supersymmetry multiplets
which appear in the Operator Product Expansion (OPE) of two CPOs.
Recently, the 4-point function of the lowest weight CPOs OI2 has been computed
in the supergravity approximation [13, 14], and has been used in [15] to analyze their
OPE at strong coupling.4 The structure of the OPE obtained in [15] for the rst few
low-dimensional operators was found to be in complete agreement with the predictions
of AdS/CFT correspondence. Recall that the transformation properties of local gauge{
invariant operators of SYM4 with respect to the superconformal algebra allow one to
classify them into three categories:
i) \Single-trace" chiral operators which belong to short representations and have confor-
mal dimensions protected from quantum corrections.
ii) Operators which are obtained as \normal-ordered" products of the chiral operators.
They may belong either to short or long representations, the former have protected con-
formal dimensions, while the dimensions of the latter are restricted from above.
iii) Operators which belong to long representations and whose conformal dimensions grow
without bound in the strong coupling limit.
4Various aspects of 4-point functions involving operators descendent to OI2 were discussed in [16]-[30].
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According to the AdS/CFT duality, the operators in i) are dual to the type IIB
supergravity elds while operators in ii) are dual to multi-particle supergravity states.
For the operators in iii) the duality predicts the growth of their conformal dimensions as
λ1/4 when λ ! 1. The latter operators are interpreted as being dual to string states
(single- or multi-particle), which decouple in the strong coupling limit.
Comparison of the OPE of the two lowest weight CPOs in free-eld theory and at
strong coupling [15] has enabled us to make the following predictions for the structure of
the OPE at nite λ and N :
i) The R-symmetry current and the stress tensor of the free-eld theory, which involve only
the six SYM scalars φi, undergo splitting into 2 and 3 operators respectively belonging
to dierent supermultiplets. Only one operator in each splitting is dual to a supergravity
eld and has protected conformal dimension, while all others decouple at strong coupling
as their anomalous dimensions grow without bound.
ii) The only double-trace operator with free-eld conformal dimension 4 that acquires an
anomalous dimension at strong coupling is O1 =: O
IOI : +    transforming in the trivial
representation of the R-symmetry group. We argue that the free-eld theory operator Ofr1
also undergoes splitting into a sum of an operator dual to a gravity state and operators
dual to string modes. The same kind of splitting also occurs for the scalar operator in
the 84 irrep. The double-trace scalar operators in the 20 and 105 irreps do not split.
The operator in the 20 irrep saturates the unitarity bound A’) in the classication of [31]
and is not protected from acquiring anomalous dimension. However, our analysis shows
that this operator retains its canonical dimension and hence its non-renormalization is a
genuine dynamical eect.
iii) The double-trace operator with free-eld dimension 5 in the 15 irrep acquires anoma-
lous dimension, while the one in the 175 has protected dimension. They both split at
nite λ and N .
iv) There are several towers of traceless symmetric tensor operators in the 105, 84 and
175 irreps, whose anomalous dimensions vanish.
Here we conrm the above predictions by analyzing the 4-point function of the CPOs
OI2 computed at 2-loops in perturbation theory [32{35] (three-loop results were obtained
in [36, 37]). We also study the instanton contribution to the 4-point function. In [38] the
correlation functions of the four N = 2 singlet scalar elds and of the sixteen dilatinos
were computed in SYM4 with gauge group SU(2) in the sector with instanton number
k = 1. In [39] these results were further generalized to the group SU(N) and in [40, 41] to
arbitrary k in the large N limit. With the above results at hand, we then use the recently
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obtained non-renormalization theorem of [42] to restore the complete 4-point function of
the CPOs OI2 and perform its OPE analysis. Our results are in agreement with the earlier
considerations of [43] and show the absence of instanton contributions to the anomalous
dimensions of single-trace operators in the Konishi multiplet [35]. Pictorially, we observe
that the instanton contribution is \seen" only by those operators whose anomalous dimen-
sions are non-zero and nite at strong coupling. In particular, the double-trace operator in
20 does not receive instanton corrections. Such a picture points to an interesting relation
between the mysterious \multi-particle" supergravity states and the D-particle modes.
The plan of the paper is as follows. In Section 2 we recall the OPE structure of
two CPOs at weak and strong coupling. In Section 3 we analyze the two-loop 4-point
function of the lowest weight CPOs. We compute the anomalous dimensions of single-
and double-trace operators and demonstrate the splitting of the free-eld operators into
distinct supermultiplets acquiring dierent anomalous dimensions. In Section 4 we study
the instanton contribution to the 4-point function of the CPOs and show that instantons
do not contribute to the anomalous dimensions of neither operators dual to string-modes
nor operators with protected dimension. The dynamically protected operator in the 20
does not receive instanton contributions, which indicates that only operators receiving
nite-anomalous dimensions at strong coupling \see" instantons. In the conclusion we
discuss the results obtained.
2 OPE algebra of CPOs at weak and strong coupling
In this Section we review the structure of the OPE algebra of the lowest weight CPOs















where the symmetric traceless tensors CIij , i, j = 1, 2, .., 6 form an orthonormal basis of
the 20 of SO(6). As was shown in [15] the leading terms in the OPE of two OIs in free
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µ ] + . . . . (2)
Here T freeµν and J
J15
µ are respectively the stress tensor and the normalized R-symmetry
current of the free eld theory (including only six scalar elds), K is the normalized Konishi
scalar, T Iµν is a traceless second rank tensor in 20 and O
J denote generically double-trace
operators in the corresponding representation J of the R-symmetry. In addition to the
above elds the OPE contains innite towers of both single-trace as well as double-trace
operators.


































































µ ] + . . . . (3)
Here RJ15µ is the R-symmetry current and Tµν is the stress tensor of the full N = 4
SYM4 and 
(s)
J is the anomalous dimension of the corresponding double-trace operator
at strong coupling. The conformal blocks appearing in (3) encode all the strong coupling
information for the anomalous dimensions and the couplings of the corresponding oper-
ators. In the place of an innite number of single-trace operators in (2), (3) contains
instead only three single-trace operators giving rise to the most singular terms. Note
that the coecients in front of the R-symmetry current and the stress tensor in (3) are
dierent from the ones in (2). The reason is that the free-eld operators JJ15µ and T
free
µν
constructed only from scalars are split into operators belonging to dierent supersymme-
try multiplets. Multiplets that are dual to string modes decouple in the strong coupling
limit, while operators from the stress tensor multiplet are non-renormalized and show up
at strong coupling.
The leading double-trace operators receive anomalous dimensions whose value at













while all the other operators shown in (3) have vanishing anomalous dimensions. The
double trace operators in 84, 105 are in short multiplets and they are protected. The
double-trace operator in 20 is not protected by unitarity and is allowed to acquire an
anomalous dimension. Nevertheless, it was found to have vanishing anomalous dimension
at strong coupling.
Comparison of the free-eld and strong coupling OPEs (2) and (3) enabled us to make
the predictions for the OPE structure at nite N and λ discussed in the Introduction.
In the next Section we verify that these predictions are in agreement with the 2-loop
4-point function of CPOs. To this end we study the asymptotic behavior of the 4-point
function in the direct channel x212, x
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and the variable Y = 1 − v
u
, amounts to taking the short-distance
limit u, v, Y ! 0. Our analysis closely follows [15] and is based on the knowledge of
the conformal partial wave amplitudes of quasi-primary operators. In particular, consider
the contributions to the OPE of two CPOs coming from a scalar, vector and second rank






















[V Jµ ] + . . .
)
. (5)
Here J denotes an index of an irrep of the R-symmetry group SO(6), CI1I2J are the
Clebsch-Gordan coecients and S, T , V are the conformal dimensions of the scalar,
tensor and vector operators respectively. For any operator in the OPE, CO and COOO
denote the normalization constant in the 2-point function hO(x1)O(x2)i and the coupling
constant in the three-point function hOI(x1)OJ(x2)O(x3)i, respectively. Then, the short-
distance expansion of the conformal partial amplitudes (CPWA) of the scalar S, tensor T
























































Y +   
)]
, (6)
where we assumed that T = 4 + 
(1)
T and kept only terms linear in 
(1)
T . The formulas
for the leading contributions of a rank-2 traceless symmetric tensor and a vector can be
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generalized to the case of a rank-l traceless symmetric tensor of dimension l and one
gets a leading term of the form v
∆l−l
2 Y l.
If we decompose the conformal dimension of an operator into a \canonical" part (equal
to its free-eld conformal dimension) and an \anomalous" part, taken to be a small
parameter (see [15]), then (6) shows that the \anomalous dimensions" are related to















2 Y 2 log v for rank-2 tensor operators. Formula (6) is the basic tool in our analysis
of the 2-loop 4-point function in Section 3 and the instanton contribution in Section 4.
3 OPE analysis of the 2-loop 4-point function
The 2-loop 4-point functions of the CPOs O2 were computed in [32{34] and the results
obtained there can be represented in terms of a basic function (1)(v, u) that can be written






ds dtΓ2(−s)Γ2(−t)Γ2(1 + s+ t) xs yt , (7)
where the contour(s) C run parallel to the imaginary axis. Performing the integrations,
we may cast it in a form suitable for studying the OPE as





Γ2(1 + n)Γ2(1 + n+m)
Γ(2 + 2n+m)
 [− log v + 2ψ(2 + 2n+m)− 2ψ(1 + n+m)] . (8)
Then, the 4-point function of the CPOs OI reads












































































Using the above result we may now study the OPE at 2-loops. We start with the projection
into the singlet which includes important elds such as the stress tensor, the Konishi scalar
and the double-trace operator O1 with canonical dimension 4.
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3.1 Projection in the singlet
Using the properly normalized projector in the singlet [15], we obtain for the rst few









































































The expansion (10) should be matched with the contributions coming from the rst few
low-dimensional operators in the singlet projection of the OPE (2). In the free-eld
theory limit the rst elds which appear in the above OPE are the Konishi scalar K with
free-eld dimension 2, the stress tensor of 6 free scalar elds T freeµν and a double-trace
operator Ofree1 with free-eld dimension 4. It is natural to assume that these are exactly
the rst few operators which appear also in the 2-loop OPE, allowing only for possible
small corrections in their free-eld dimensions and normalization constants in order to
account for the logarithmic terms in (10). Although such an assumption seems to work
for the Konishi scalar, it does not quite t the 2-loop result (10) as there is a discrepancy
in the coecients in front of the stress tensor in free eld theory and at 2-loops.
In order to properly interpret (10) one should realize that the stress tensor Tµν expected
to appear in it is dierent from T freeµν , since it receives contributions not only from the six
scalars but also from the four Weyl fermions and the vector eld of N = 4 SYM. It has
been argued in [44], following [45], that the general stress tensor of an interacting CFT
involving scalars, fermions and vectors involves three, linearly independent and mutually
orthogonal structures.5 For the specic case of N = 4 SYM, simple manipulations allow
one to write the free-eld stress tensor (i.e. the stress tensors of six massless free scalars)
T freeµν (x) as follows









where the three structures depicted in (11) are mutually orthogonal and linearly inde-
pendent. The idea of [44] is that the orthogonality and linear independence property is
preserved by perturbation theory, i.e. the structures in (11) do not mix under renormal-
ization. The (symmetric and traceless) tensor Kµν belongs to the Konishi supermultiplet
5This is easily seen in free-eld theory, where the stress tensors for free scalars, fermions and vectors
provide three linearly independent and orthogonal to each other structures [45].
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while the (symmetric and traceless) µν is the lowest component of a new supermultiplet.
The full stress tensor Tµν is expected to remain conserved, therefore, it retains its canon-
ical dimension at any order in perturbation theory. However, Kµν and µν can, and do,
acquire anomalous dimensions.
We preface the more detailed analysis of the OPE with some necessary comments.
The fact that Tµν is canonically normalized allows one to nd the free-eld value of the
normalization constants of the 2-point functions of the three operators in (11) as







where Ct = 32~λ
2 is a normalization constant for T freeµν . The value of the coupling COOT =
16λ˜
3N
is xed by the conformal Ward identity. The free-eld theory OPE (2) together with
(11) and (12) gives the free-eld value of the normalization constants




Recall that the Konishi eld is canonically normalized, i.e. CK = 1 and the free-eld
result for COOK is COOK = 231/2N2 .
In the sequel we assume that for any operator O in the OPE the ratio COOO
CO
is kept
equal to its free-eld value. The correction to a coupling dependent normalization constant
COOO(~λ) is introduced in the following way
COOO(~λ) = COOO(1 + C
(1)
OOO) , (13)
where COOO stands for the free-eld value.
Now taking into account the splitting (11), using (6) for the contributions of scalars
and symmetric traceless tensors to the OPE and expanding the anomalous dimensions and
the normalization constants, we nd for the leading terms of the short-distance expansion














































































Here the parameters ηK, ηK1 and ηΞ correspond to the small corrections to the canonical
dimensions of the operators K, Kµν and µν , respectively, while C(1)OOK, C(1)OOK1 and C(1)OOΞ
denote the small corrections to the corresponding free-eld normalization constants. Ac-
cording to the discussion above the free-eld values of the ratios of the 3- and 2-point



















Requiring consistency of the terms carrying equal powers of v and Y in (10) and (14) we
then obtain the anomalous dimensions and corrections to the coupling constants of the
operators discussed above.
Consistency of the terms proportional to v in (10) and (14) gives
ηK = 3~λ , C
(1)
OOK = −3~λ . (19)
The value of ηK coincides with the well-known value for the 2-loop anomalous dimension
for the Konishi scalar [44].
Using the result (19), we immediately see that the terms proportional to vY in (10)
and (14) are consistent.























This shows that the consistency of the short-distance expansion with the OPE is not suf-
cient to determine the individual anomalous dimensions and corrections to the couplings
of the split elds Kµν and µν . However, here comes the input of supersymmetry which
recties the situation. Namely, requiring that Kµν is in the same supermultiplet as the
Konishi scalar K we x its anomalous dimension to be the same as K
ηK1 = 3~λ . (22)





in complete agreement with [44].
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The terms in (10) proportional to v2 and v2Y encode the information about scalar
operators of free-eld dimension 4. Recall that in free-eld theory the corresponding terms









with the 2-point function











while at strong coupling the singlet channel was shown [15] to contain a scalar operator















Although the dierence of 2-point functions of Ofree1 and O1 might be explained by the
fact that they are computed in dierent regimes and the operator is not protected, it is
more natural to assume that Ofree1 splits in perturbation theory into a sum of operators
such that only one of them is dual to a gravity state. Indeed, in free-eld theory one
nds a number of linearly independent operators of dimension 4, e.g., : tr(φiφj)tr(φiφj) :,
: tr(φiφi)tr(φjφj) : and : tr(φiφjφiφj) : that may mix under renormalization. To nd
the individual anomalous dimensions at two loops one should diagonalize their mixing
matrix. We then expect to nd a unique operator O1 (dual to a \two-particle" gravity
state), whose anomalous dimension behaves as λ˜
N2
, while the other operators (dual to
string modes) should have the anomalous dimensions of the Konishi type  ~λ. Such a
splitting, similar in spirit with the above discussed splitting of the stress tensor, seems
to be necessary in order to account for the fact that at strong coupling we nd only one
operator with approximate dimension 4 while at any order in perturbation theory we
expect an operator mixing. However, the knowledge of the correlation functions of CPOs
alone is not sucient in order to establish the mixing matrix and additional information
is needed, e.g. the knowledge of correlation functions of four Konishi scalars or other
operators.
3.2 Projection in 20






















































According to our discussion of the free-eld theory OPE in Section 2, the rst three
low-dimension operators contributing to 20 are the CPOs themselves, the double-trace
operatorO20, and a symmetric second rank tensor KIµν  K20 of approximate dimension 4.
On the other hand at strong coupling and in the largeN limit we found that only the CPOs
and the O20 survive and keep their free-eld dimension. While the non-renormalization
property of CPO is well-known, the non-renormalization of O20 is a new phenomenon that
cannot be explained on the basis of unitarity. A natural suggestion made in [15] is that O20
is non-renormalized in perturbation theory at nite N . As far as K20 is concerned, being
dual to a string mode it receives perturbatively large anomalous dimension and decouples
from the spectrum at strong coupling.6 Let us see how this picture is compatible with
two-loop result (26).
The last two terms in (26) are proportional to ~λ and we interpret them as loop con-
tribution to the coupling COOK20 and to the anomalous dimension of K20 respectively.
Indeed, if we denote the anomalous dimension of K20 as (1)K20 then the log v-dependent
term in (26) occurs due to the contribution of the conformal block of the second rank
tensor with free-eld dimension 4 (c.f. (6)). Therefore, the other two operators, CPO and
O20, do not receive anomalous dimensions. To compute 
(1)
K20 one needs to know the free-
eld value of the ratio
C2OOK20
CK20
. This can be found by considering, e.g., the ~λ-independent
vY 2 terms in (26). By using the CPWA of the scalar with dimension 2 and comparing











































6In principle one could expect a splitting of K20 into a sum of operators dual to string modes. However,
our analysis will show that this does not happen.
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Note that the same answer was found by studying the 4-point function at strong coupling
[15], that agrees with the conjectured non-renormalization of the operator O20.















Thus, the anomalous dimension of K20 is the same as the dimension of the Konishi eld,
hence they are from the same multiplet.
Finally the ~λ-dependent terms without log v are due to the loop correction to the free-
eld value of COOK20. Indeed, the ~λvY
2 term in (26) allows one to nd C
(1)
OOK20 = −3~λ.
We can check the consistency of the assumption that there is only one tensor operator
in the 20 which receives corrections to its anomalous dimension and structure constant.
To this end we compute the term of order v2Y by using the found anomalous dimension
and correction to the structure constant, and see that it coincides with the corresponding
term in (26).
3.3 Projection in 84



























A strong coupling result suggests that at nite λ the OPE of CPOs contains two
operators O84 and K84 transforming in the irrep 84. The operator O84 has protected
both the dimension and the normalization constants of the 2- and 3-point functions,
while K84 is from the Konishi multiplet and receives anomalous dimension.









7We exhibit a coecient 1/N2 in front of CK84 to emphasize the fact that a free-eld operator Ofr
undergoes a splitting into a sum of operators as Ofr = Ogr + 1N O
str , where Ogr is dual to a supergravity
two-particle state and Ostr dual to a string state [15]. The same splitting applies to operators in irrep
175.
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The constant CO84 is non-renormalized and is found [15] to be CO84 = 2− 6N2 . Therefore,
CK84 = 4. The log v term in (30) allows one to read o the anomalous dimension 
(1)
K84 of
K84: (1)K84 = 3~λ, as it should be for the member of the Konishi multiplet. Finally, from
the ~λv2 term in (30) we can nd a correction C
(1)
OOK84 = −3~λ.
3.4 Projection in 105


























(1 + Y )
]
.
The last formula shows that the rst log v-term appears at order v3. Therefore, all sym-
metric traceless rank-2k tensor operators of dimension 4 + 2k transforming in the 105
have protected conformal dimensions, the lowest operator among them is the double-trace
operator O105. The log v-term in (31) indicates the appearance of the anomalous dimen-
sions for the symmetric traceless rank-2k tensors of the canonical dimensions 6 + 2k.
However, at strong coupling the rst log v-term appears only at order v4 (see (4.16) of
[15]). Thus, a free-eld tensor operator of dimension 6 + 2k undergoes a splitting into
two operators, one has a protected dimension and normalization constants, another one
receives perturbatively an anomalous dimension and disappears at strong coupling.
3.5 Projection in 15






















The presence on the term vY log v shows the appearance of the anomalous dimension for
the vector operator KJ15µ of dimension 3. At strong coupling, however, the term vY log v is
absent and the dimension 3 operator which is the R-symmetry current RJ15µ has protected
conformal dimension. Thus, at nite λ the contribution to 15 comes from two operators,
KJ15µ and RJ15µ . From the ~λ-independent term vY in (32) we read o the relation for the




























i.e. the vector operator KJ15µ is in the Konishi multiplet.
3.6 Projection in 175




















At strong coupling the rst log v term occurs at order v3Y (c.f. Section 4.6 of [15]),
while here it appears at order v2Y . Thus, at nite λ the contribution of the lowest
dimension operators to the irrep. 175 comes from two operators K175 and O175, both
with approximate dimension 5. The rst operator receives innite anomalous dimension at
strong coupling, while the second one is non-renormalized due to the shortening condition
[31]. The v2Y term in (36) produces for the free-eld constants the following relation
1
N2
COOK175 + COOO175 = 4 . (37)





Then the log v term allows one to nd 
(1)
K175 = 3
~λ justifying thereby that K175 belongs
to the Konishi multiplet.
4 Instanton contribution
To analyze the instanton contribution to the 4-point function of the lowest weight
CPOs we use the results of [38{41]. Firstly, we follow [42] to write the 4-point function
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of the CPOs (2) as











































































The traces are over SU(N) adjoint indices and the SO(6) group-theoretic δ-factors in
(39) are products of Kroenecker δ
0s (c.f. [42]).
Superconformal invariance implies that (39) is actually determined in terms of only two
arbitrary functions (e.g. a1 and b2) of s and t. This fact allow us to restore the instanton
contribution to the full 4-point function (39) from the results of [38{41] as follows. In the
N = 2 formulation of N = 4 the six scalars in the fundamental of SO(6) are decomposed
in one complex scalar ϕ and four scalars comprising the N = 2 matter hypermultiplet.
The complex scalar is ϕ = φ5 + iφ6 and one denes
tr(ϕ2) = tr(φ55)− tr(φ66) + 2itr(φ56) = Y ijtr(φiφj) , (41)
where Y ij = δi5δj5 − δi6δj6 + i(δi5δj6 + δi6δj5). Then, from (39) using the nilpotency of
Y ij we obtain



















The last correlator is precisely the one computed in [38{41] and the result reads (omitting
the anti-instanton contributions)
htr(ϕ2)(x1)tr(ϕ2)(x2)tr( ϕ2)(x3)tr( ϕ2)(x4)i = 16Qx412x434D4444(x1, x2, x3, x4) , (43)
where the D-functions are dened in [15] and we have absorbed all the normalization


















with τ the usual complex Yang-Mills coupling. The rst factor in (44) is due to the
normalization of the CPOs, the second factor comes from the k-instanton measure in the
large-N limit and also takes into account the R-weight of the CPOs and the last one is
the result of the integration of the fermionic zero modes. Q is not a modular invariant
function, it is only the leading term of the modular invariant expression in the large
gY M -limit.
In order now to read o the functions a1, a3 and b2 in (42) from (43) we can exploit
the result of [42] according to which the above three functions are in fact expressed in
terms of only one function F(s, t) as
b1(s, t) = (s− t− 1)F(s, t) , a2(s, t) = F(s, t) , a3(s, t) = tF(s, t) . (45)
The function F(s, t) should satisfy the following crossing-symmetry properties
F(s, t) = F(t, s) = 1
t
F(s/t, 1/t) . (46)
From (42) and (45) we then obtain
F(s, t) = Q s
t3
D(s, t) = Q
v3
u2
D4444(v, Y ) , (47)
where













and K was dened in [15]. Using the above integral representation it is easy to check that
the function F(s, t) does satisfy the relations (46).
Multiplying (39) with CIij we nd the instanton contribution to the complete 4-point






δI1I2δI3I4A1(v, Y ) + δ
I1I3δI2I4A2(v, Y )
+δI1I4δI2I3A3(v, Y ) + C
I1I2I3I4B2(v, Y ) + C





A1(v, Y ) = a1(s, t) = Q
v3
u
D4444(v, Y ) ,
A2(v, Y ) = u
2a2(s, t) = Qv
3 D4444(v, Y ) ,
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A3(v, Y ) = v
2a3(s, t) = Q
v4
u
D4444(v, Y ) ,








D4444(v, Y ) , (50)







D4444(v, Y ) ,








D4444(v, Y ) .










Γ2(n + 4)Γ2(n+m+ 4)
Γ(8 + 2n+m)
(51)
 [− log v + 2ψ(n+ 1)− 2ψ(n+ 4)− 2ψ(n+m+ 4) + 2ψ(8 + 2n+m)] .
We are now ready to analyze the contribution of the instantons to OPE of the lowest
weight CPOs. Firstly we consider the short-distance expansion for the projection in the




















This clearly shows that the leading contribution to the OPE comes from a scalar operator
of approximate dimension 4. Our experience at strong coupling teaches us that the only
such operator is the double-trace operator O1 discussed in Section 3. On the other hand,
due to the absence of v log v and vY 2 log v-terms, the contribution of the Konishi elds K
and K1, and of the operator µν are absent. We conclude that the Konishi multiplet as
well as the multiplet built on µν receive only perturbative but not instanton corrections.
8
Furthermore, we observe in (52) the absence of the contribution of the stress tensor, in
agreement with the known non-renormalization theorem for this operator.
















Y 2 − v
)]
(53)
and comes from a second rank tensor of the canonical dimension 6. The contribution
from the Konishi multiplet is again absent. Recall that at strong coupling we have found
8The absence of the instanton corrections to the Konishi multiplet was already noted in [35].
18
that the rst operators receiving anomalous dimension are scalar and tensor operators
of approximate dimension 6 which we therefore identify with the operators appearing in
(53).
These two examples at hand, i.e. projection in the singlet and in 20, allow us to make
a general observation: the (double-trace) operators receiving nite anomalous dimensions
at strong coupling also receive instanton contributions. The instanton contribution to the
(single-trace) operators with innite anomalous dimensions at strong coupling is absent.

































































Comparison of these formulae with the analogous strong coupling results conrms the
above observation. Moreover, we see that the instanton contributions do not spoil the
non-renormalization property of certain towers of double-trace operators found in [15].
Indeed, the scalar operator O20 in 20, all the rank 2k tensors of dimension 4 + 2k in 84
and of dimension 4+2k, 6+2k in 105, and all the rank 2k+1 tensors of dimension 5+2k
in 175 are non-renormalized in the instanton background.
The absence in the instanton OPE of corrections to the operators in the Konishi
multiplet can be easily understood at follows. Instanton corrections to the normalization
constant COOK and to the anomalous dimension of K are encoded into the 3- and 2-point
functions of K in the instanton background. According to the prescription of [38]-[41],
to calculate the correlation functions of composite operators in the instanton background
we replace the latter by their instanton background expressions; the resulting correlation
function is then non-zero only if it contains all 16 fermionic zero modes. This is needed
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in order to saturate the fermionic integration measure. It is then easy to see that the
following 3-point function
hOOKi  htr(φ(i1φi2))tr(φ(i1φi2))tr(φkφk)i , (54)
contains only 12 fermionic zero modes and therefore it should be zero in the instanton
background. Such arguments can be generalized to the whole Konishi multiplet. Indeed,
as was shown in [43], the number of the fermion zero modes for an operators O(q) from
the Konishi multiplet is 4− jqj, where q is a U(1)Y charge. The 3-point function of O(q)
with two lowest-weight CPOs provides only 12− jqj zero modes and, therefore, vanishes.
Application of the same arguments to the double-trace operator O20 shows that it
can, in principle, receive instanton corrections. However, our explicit OPE calculation
shows that it is not the case. This means that the particular dynamics that keeps O20
non-renormalized is not aected by instantons.
Concerning instanton corrections to the other multiplets we found, their existence is
in agreement with the general considerations of [43]. An operator O(q) from a generic
long multiplet provides 8−jqj zero modes, so that the 2- and 3-point correlation functions
involving O(q) are non-zero only if q = 0. Thus, in our OPE the leading operators that
receive instanton corrections and survive at strong coupling with nite anomalous dimen-
sions, are either primary operators (or conformal descendants of the primary operators),
Op generating long multiplets or have the form Q
k QkOp.
Coming back to the singlet projection we now compute the instanton contribution
(i) to the anomalous dimension of O1. If we assume that the small parameter at hand



















By using the results of [15] we have also checked that the same ratio occurs for the









































In this work we have extended the OPE analysis of the lowest weight CPOs initiated
in [15], to include 2-loop and instanton contributions. At the perturbative level, we found
that it is not sucient to simply deform the free-eld operator algebra by allowing for
anomalous dimensions and corrections to the coupling in order to account for the 2-loop
corrections. What is required is a splitting of various free-eld operators into operators
belonging to distinct supermultiplets which behave in a dierent way under the RG-flow.
We have explicitly demonstrated this splitting in the case of the stress tensor and the
R-current of the theory. Our results are consistent with earlier calculations by Anselmi in
[44, 46]. Furthermore, we argued that a similar splitting occurs also for free-eld theory
double-trace operators, e.g., they split into supermultiplets which behave in perturbation
theory either like the Konishi multiplet or acquire anomalous dimensions  ~λ/N2. The
latter multiplets are the ones which survive at strong coupling and get non-zero anomalous
dimensions. The above splitting seems to be necessary in order to explain the fact that
while at any order in perturbation theory we expect a mixing of many operators with the
same free-eld dimension, at strong coupling only one of the operators is present while
all the others decouple. Nevertheless, an explicit calculation of the the 2-loop anomalous
dimension of the split operators would require the knowledge of 4-point functions including
operators other than the lowest weight CPOs, e.g., the 4-point function of Konishi scalars.
We believe that this is an interesting project.
We also found that the instantons give contributions only to operators which acquire
non-zero and nite anomalous dimensions at strong coupling. In particular, instantons
do not contribute neither to protected nor to operators in the Konishi multiplet. This is
consistent with general arguments given in [43] concerning the vanishing of the three-point
functions of operators with non-zero U(1)Y -charge in the instanton background.
The fact that instantons contribute only to operators which correspond to \two-
particle" modes of classical supergravity, points to an interesting connection between
the latter modes and D-particles modes which is worth further study. Intuitively, the
corrections to the anomalous dimensions of the supergravity modes come from a corre-
sponding change of their energy in the presence of D-particles. On the other hand, it can
be seen that the universal behavior (57) for the leading operators in the OPE is a con-
sequence of the fact that the correlation function of CPOs is dened (up to the free-eld














where hJ (v, Y ) is a free-eld contribution, and fJ (v, Y ) is some function depending on
the irrep we consider. Now we see that if the strong coupling and instanton 4-point
functions are described by F (s)(v, Y ) and F (i)(v, Y ) respectively, then after subtract-
ing the free-eld theory contribution, the ratio of the strong to the instanton contri-
butions will be one and the same for all irreps since the function fJ (v, Y ) does not
depend on the regime we consider and, therefore, cancels out. What is more important
is that the short-distance expansion of the both functions fJ (v, Y )F (i,s)(v, Y ) starts as
fJ (v, Y )F (i,s)(v, Y ) = v∆−l2 G(i,s)l (Y ) log v + ..., where the function Gi,sl (Y ) may be repre-
sented as G
(i,s)
l (Y ) = aJ (Y )f
(i,s)(Y ) = aY l + ... and it encodes the leading contribution
of the rank-l tensors of a canonical dimension . Therefore, the equalities (57) stem from










depend on an irrep we consider.
Finally, we wish to comment on the fact that we have conrmed both in perturbation
theory and in the instanton background the non-renormalization of various operators,
most importantly the scalar double-trace operator in the 20 with dimension 4. The
dimension of the latter operator is not protected by unitarity constraints and therefore it
is subject to a genuine dynamical protection. Being a double-trace operator, it is dicult
to nd the corresponding supergravity mode. Furthermore, since it is a marginal operator
we may use it to deform the N = 4 SYM4 action preserving the conformal invariance to
leading order in the deformation. It would be of great interest to nd out if this operator
is exactly marginal as in this case it denes a particular RG flow (xed line), that might
lead to a new non-trivial N = 0 CFT.
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